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In (S] Brezis and Friedman prove that certain nonlinear parabolic equations, with the (5-measure as initial data, 
have no solution. However in |9| Colombeau and Langlais prove that these equations have a unique solution 
even if the 5-measure is substituted by any Colombeau generalized function of compact support. Here we 
generalize Colombeau and Langlais their result proving that we may take any generalized function as the 
initial data. Our approach relies on resent algebraic and topological developments of the theory of Colombeau 
generalized functions and results from fll . 



Introduction 

The necessity to prove the existence of solutions of equations may lead to the discovery of new and interesting 
mathematical structures. Observe that, in general, it takes time for these structures to be fully understood and 
appreciated by the mathematical community. One might say that the algebras of generalized numbers and func- 
tions, introduced in the eighties by J. F. Colombeau, are among these structures. They are natural environments 
where the multiplication of distributions is something well defined and equals the classical definition for C°° 
functions. It should be noticed that regularization is definitely not the same as working in a Colombeau algebra. 
A Colombeau algebra is an algebraic and analytic environment! 

It is well known that rather simple and non-pathological linear equations have no distributional solution. 
However, the Colombeau algebras are environments where the concept of derivation and that of solution of a 
P.D.E. can be generalized in a natural way allowing, in many cases, to prove the existence of new and interesting 
solutions for these equations (see [^| and |'9l). 

This was proved by Colombeau and stimulated research in this new field as one can see from the results 
obtained by the Austrian, Brazilian, French, Serbian and South African research groups and their collaborators 
(see and d). 

In the beginning of the eighties Brezis and Friedman showed that certain nonlinear parabolic equations have no 
solution if one chooses the initial data to be the (5-measure. These non existence results, new in those days, were 
considered rather surprising because of several facts carefully explained by Brezis and Friedman. An explanation 
for these non existence results was given in \Qj by Colombeau and Langlais. Even more, they proved that the 
Brezis-Friedman equations do have a unique solution in the Colombeau algebra, as long as the initial data, which 
could be a distribution or Colombeau generalized function, had compact support. One natural question can be 
formulated: Is there still a solution if the initial data has non-compact support? Is this solution unique too? 

Since Colombeau defined his new algebras the Theory of Colombeau Generalized Functions has undergone 
rapid developments. The algebraic and topological aspects of the theory were developed which, in their turn 
allowed further development of other parts of the theory and led, to the development of a differential calculus 
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which behaves like classical calculus (see f4) and its reference list). A result obtained in |5| states that the set of 
generalized functions of compact support is a dense ideal in the simpUfied Colombeau algebra. 

To give an answer to the questions raised above we first generalize the result mentioned in the last paragraph, 
i.e, we prove that the set of generalized functions of compact support is a dense ideal in the full Colombeau 
algebra. Then, using the results of [ 1 J on quasi-regular sets, we push further the topological stepping stone of 
the theory. All this is done in sections [T| and |2] In the last section (section O we settle, in the positive, the two 
questions raised above. Notation is mostly standard unless explicitly stated. 



1 The completeness of the full Colombeau algebras 

As said in the introduction, in order to solve our problem we will need to establish some topological facts 
about the Colombeau algebras on the closure of an open set. 

We begin by introducing a natural topology 7^ (, on the algebra Q (uJ), where w is a bounded open subset of 
K™. The basic facts about the algebra Q (ifj are presented in [1| (for an arbitrary non-void open subset 51 of 
R™). The main results in this section are the completeness of {Q (uJ) ,Tzj,b) and, as an easy consequence, the 
completeness of {Q (il) , Tn), where Q {Vl) (resp. Tfj) is defined in [|2], 2.1] (resp. [fS], Definitions 3.3 and 3.7 
and Theorem 3.6]). In what follows, we will denote by il (resp. cj) a non void open (resp. bounded open) subset 
ofM™. Wealsosetl :=]0,1],I^ :=]0,?7[, ^ e I, K denotes R or C, ||/|| - ll/lli^ = sup{|/ (x) | |a; e 

w}, V / e C (ZU, K d X d M", the symbol K CC X means that K is a compact subset of X. 

In the sequel we will use freely the partial order relation < on M introduced in [|3 1, Lemma 2. 1 and Definition 
2.2]. Let us recall that for a given tp E T) (M™; IK) , </? 7^ 0, we define 

i (if) :— diamsupp (95) 

and it is easily seen that i (ip^) = ei {(p) for all e > 0. For every r G M the function [|3 1, Ex.2. 3] 

: e Ao I — >i {ipY e m; 

is moderated and therefore a' := cl (c^*^ G 

Since ZJ CC oJ the definitions of £m and M \lJ] (see [[IJ, definition of £m [X; K] and Definition L2(c)]) 
becomes simpler: u £ £m [^] means 

(M) 

and M G A/" [cU] means 



VfTGN^BiVeN such that \f ip e An 3 c = c{lp) > and 
1] ^ri{ip) el verifying Wd^u {(pe, Oil < ce^^ , Ve G I^; 



V (T G N™ 3 N eN and 7 G F such that, y q> N and, V G 3c = c{p) > 
andrj — rj (ip) G I verifying \\d'^u{pig, •)|| < ce''^'^^^, V £ G I,, 



In the remainder of this paper we shall use a fixed exhaustive sequence of open subsets of (see [|i3j|, 

begin of section 2]). 

A natural topology on Q (tU) For a given f E Q {uJ), if / G £m [^] is any representative of / and a G N"* 
is arbitrary, we have 

eC(cJ;K), V(^gAo, 

hence 

'd^fip,-) <+oo, V(^gAo. 
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Lemma 1.1 For every u E £m [t^] and a G N™, 
(a) The function 

u^-.ipeAo^ \\d''u{ip,-)\\ e R+ 

is moderate (i.e., Uc £ £m (K) and so cl {uu) £ M+j; 
(6) Ifv £ i?M [w] anii {u — v) £ AA [HJ] f/jen (uo- — Wo-) G A/" (M) (and so cl (uo-) = cl {vc)). 
Proof. Follows immediately from definitions and [ [ 3 1 , Lemma 3.1]. 
Definition 1.2 Fix any a £ N™. For each f E G (uj) we set 



□ 



cl /. 



cl 



where f is an arbitrary representative of f. For each r £ R we define 

w,,r = w^,r [0] ■■={feg (lj) I ii/iu < V < a} . 

Remark 1.3 (a) //'ct > a' (i.e. cri> a'^, V i = 1, 2, • ■ • , m) then Wcr^r C Wcr' .r for each r £ R; 

(6) //'r > r' then Wa,r C W^.r'- So, in the filter basis (Wa-.r) (c £ N™ and r £ Rj we can replace the 
condition r £ R ^jy r £ N*. 

In the sequel we will use the following trivial results about inequalities: 

(a) Ifx^ ?; £ R then x < y inW if and only if x < y in R; 

(6) // x,xi,y and yi belong to R with < x < xi and < y < yi then < xy < xiyi. 
Lemma 1.4 For every /, g £ ^ (to) we have 

(a) ||/ + .9L<||/L + ||.9L; 

(b) WfgL < E O WfL ML-.- 



Proof, (a) From Definition [L2] we have ||/ + g\\^ = cl (v), where 



dUf + g) (^,-) 



and / and g are any representatives of / and g respectively. From Definition [L2] we have also ||/||^ + ILgll^. 
cl (u), where 



u : (fi E Aq 



dy{^,-) +Wgi^,-)\\eR+. 



Since v {(p) < u {(p) for every ip £ Aq, from [[|3], Lemma 2.1 and Definition 2.2] statement (a) follows. 
(6) From Definition ll.2l it follows that ||/.9||^ = cl (v), where 



V : (fi E Aq 



£ R+ 



(/ and g are arbitrary representatives of / and g respectively) and that ^ (^) ||/||^ ll.9llcr-K — cl (u), where 



Now, from Leibnitz formula (see [[1], [1.2], p. 373]) we have v (ip) < u{(p) for all (p E Aq and therefore 
cl (w) < cl (u), which is statement (6). □ 
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The two following lemmas will be useful and the proofs, which are trivial (apply [|[3], Lemma 2. 1 and Example 
2.3]), are omitted. 

Lemma 1.5 (a) For every /c,r e R!j_ we have k{a*gf' < a* (resp. ka^ < a*) whenever s > | (resp. 
s > r); 

(6) For every fc,r G and N £ N there is s G M.*^ such that k.a' j^.a* < a* (it is suffices to choose 
s > N + r + 1). 

Lemma 1.6 For every g £ Q iuj) and a G N™ there are c > and G N such that ||g||^ < c.a' ^j for each 
K < a. 



With the notation introduced in Definition II. 21 we have the following result. 

Theorem 1.7 Let lo be an open bounded subset o/M™. Then the set 

Bjs,b {WaA<^ e andr G N*} 

is a filter basis on Q iuj) which satisfies the seven conditions of [JS], Proposition 1.2 (2-)] and so determine a 
topology Th.h on Q (ZU) which is compatible with its ^-algebra structure (here we assume that K is endowed with 
its topology (see [[3J, Definition 2.10]) and Bzj,b is a fundamental system of 7^ i,-neighborhoods ofO in Q (uj). 
Moreover the topology Th.b is metrizable^ 

In the proof below of Theorem 1 1.71 for the sake of simplicity, we write B instead of B^^b- Also we will use 
freely the notation (GA(),. . . ,(AV(j) for the seven condition in [|3j. Proposition 1.2 (2-)]. Note also that the proof 
below works for B^ i,. 

Proof. In view of [[3], Corollary 1.3] it is enough to show that S is a filter basis which satisfies the four 
conditions (GAJ), (GAjj), (AV() and (AVjj) of [L3], Proposition 1.2] and that the topology T^^f, determinate by 
B induces on K. its own topology T (see [lO, Definition 2.10]). That S is a filter basis follows at once since 
clearly B ^ and ^ B and, if Wa,r, M^t,s are any two elements of B then, by defining k :— max (cr, r) (i.e., 
Ki := max(cri, rj, V i = 1, 2, to) and t := max (r, s) + 1, from Remark [T3] we have VF^^t C Wa,r H Wr.s- 

Verification of (GA{): Given any Wa.r G Bit is enough to show that for any s > ^ we have Wcr,s + VF^.s C 
Wa,r, which follows immediately from Lemma [T~4l (a') and Lemma fTTSl fa). 

Verification of (GA(j): Obvious since U — ~U for all U £ B. 

Verification of (AVjj): It suffices to prove that W^^. C Wa^r for each W^^r € B. Fixed any Wa,r G B, for 
K G N™, let: 



„ :— max ( ]; M :— maxM„; := number of terms of ( ]; p :— maxp^ and k :— M.p. 

r<K \T J r<K ^ — ' \t I K.<<7 

- ^ ^ - r<K ^ ^ 

We must show that 

f,geW^,r=^ fgeW^,r- (l) 



Indeed, the assumption in ([T]i means that ||/||;^ < a* and \\g\\-^ < a* for all A < cr hence, from Lemma [T3 
(6) and Lemma fTTSl fa) [and the obvious fact; a,b £ M.'^, a < b, A, /x G M+ and A < ^ aX < bfi] we can 
conclude that for every k < a 



since r > ^. Therefore ([U holds. 



Note that, in view of Remark \1.3\ (h) tJie set BL^ ^ := {Wcr.rlo" G N™ and r € R^} is another fundamental system of T^jj,- 
neighborhoods ofO in Q (u;). 
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Verification of (AV(): For given g ^ G (t^) and Wa.r £ B, we will show that there exists Wr^s £ S such that 
gWr,s C Wa^r- Indeed, from Lenima [L6l it follows that we can find c > and e N such that 

\\g\l<ca'^N.^r<a. (2) 

Let M, p, and be as in the preceding proof of (AVJ[) and define k := pMc (c from (|2])). Now, associated 
to fc, r (which appears in W^.r) and iV G N (which appears in Q), from Lemma fTTSl fb) it follows that we can 
find s{:— N + r + 1, for instance) verifying 

fc.aljv.a^+^+i < a^. (3) 

Next, we define by r := cr and s := N + r + 1, that is, Wr.s := W^.N+r+i and it remains to prove that 
gWr^s C W^CT.r- In fact, fix any / e Wr^s = W^^N+r+i- 

WfWr < c^N+r+i, y r < a (4) 

then, from Lemma [L4l f6), (|2]l, Q, Q and the definition of k, we get for every k < a: 



T<K. 



hence gf G Wa,r and therefore (AV() holds. 

Since B satisfies (GA[), (GA^), (AVJ) and (AVJi) from [|3l. Corollary 1.3], we know that B determines a 
topology T^j h on ^ (ZJ) which is compatible with the ring structure of Q (uJ). Moreover, it is clear (see [ID, 
Definition 2.7]) that Wa,r n K = [0] for every cr G N™ and r e R'j_, which implies that the topology 
induced by 7^ f, on K coincides with the topology T (see [|3], Definition 2.10]). Therefore, once more from 
[lO, Corollary 1.3], we can conclude that T^,i, is compatible with the structure of K-algebra of Q (tU), where K 
is endowed with its own topology T. The topology 7^ b is Hausdorff since obviously 

ll/t = 0, VaeN™=^/ = 

and hence f] Wa,r — {0}. Indeed, if / G Q Wa^v we have 

||/L<a:, Va,r ^ |1/ 1 £ K [0] , V a, r V a, we have ||/L G f) ^ = W' 

since T is Hausdorff. Finally, it is clear that Bij b and generate the same filter (of all the 7^ b-neighborhoods 
of 0) and since Bijj,h is countable, it follows that (see [Q, chapter 9, 2- ed., section 1, n- 4, Proposition 2]) T^j, 
is metrizable. □ 

Lemma 1.8 Let SI anduj be two open subsets ofW^ such thatU CC SI. Then the restriction map 

r^4: f eg{n)^ f\-eg{u) 

is continuous with respect to the topologies Tq and Tu>.b on Q (yi) and Q (tU) respectively. 

Proof. Fix an arbitrary Wcr,r G Bzj^b- It suffices to show that for any I G N such that tU CC SI; we have 
r {Wi^ C Wa.r, which follows at once from the definitions (see the definition of in [[31, Definition 
3.3]). ' □ 

In the next results we denote by j^Top Alg the category whose object are the K-topological algebras with the 
natural morphisms. 
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Proposition 1.9 The topology 7q on Q (fi) is the initial topology (in the category ^Top Alg) for the family of 
homomorphisms {ri)^^^^, where 

and Q {^i) is endowed with the topology f^. In other words, 7q is the coarsest topology on Q (f2), compatible 
with the structure ofK-algebra of Q (Q), for which all the maps ri (I G are continuous. 

Proof. Let denote by 7^^ the initial topology on Q (fi) for the family (n);^^ category j^Top Alg.) 

Then it is well known that 7^ has a fundamental system of 0-neighborhoods consisting of sets of the following 
type: 

^= n -.7'K;'-0 (5) 

l<i<p 

where p e ^* ,{h)i<i<p , {<^i)i<i<p ™d (rj^^j^p are finite sequences in N, N™ and N respectively and 

e % (here we need the upper index (l) since we are working with the subset W^r of Q (fli) which is 

denoted by ivi'r). From Lemma l 1 . 8 l it follows that all the maps r; (/ G N) are continuous when Q (Q) is endowed 
with the topology Tq and therefore 7^^ =<; Tq. In order to prove that Tq =<; TJj it suffices to show that 

V Wl',, eBnBV e B}i such that V c Wl'^^. 

In fact, we can prove the following more precise statement 

rr^(M/i^)) =M/,^,, (Va,/,r); (6) 

note that the first member of (|6]) is of the type (O. Now it is clear that (|6]) follows immediately from the definitions. 

□ 

Lemma 1.10 Let uj and Ui be two bounded open subsets o/M™ such thatuJi C lo. Then the restriction map 
(see [yj. Definition 2.6] 

is continuous when Q iuj) and Q (cUi) are endowed with the topologies T^^b ond Tjj^ .f, respectively. 

Proof. For given VF^ G Bzj^ ,6 one has that r^^ (yVa,r) C W^,., where 

W„,r ■.= {/ eg{LJ)\\\f\l<a:, Vr<a} 

belongs to Bjjj^b- □ 

The following result is an adaptation to our case of the category of the topological metrizable K-algebras of 
r ifm . Chapter 2, section 11, Proposition 3]. 

Proposition 1.11 Let A be a metrizable topological ring, {Fp)^^^ a sequence of metrizable topological A- 
algebras and assume that the condition below holds: 

(a) Ifp, g G N and p < q then there exists a continuous homomorphisms of A-algebras fpq : Fq — > Fp. 
Now, for a given A-algebra E we assume that the following two conditions hold: 

(b) For each p G N there exists an homomorphism of A-algebras fp : E ^ Fp such that p, 5 G N and p < q 
implies fp = fpq o fq,- 

(c) // (xp) € n and for each p, 5 G N with p < q we have fpq (xq) — Xp, then there is x d E such 

^ pen 

that fp [x) = Xpfor every p G N. Moreover, assume that E is endowed with the initial topology T for the 
sequence {fp)^^^^ [in the category of the metrizable topological A-algebras] and that T is metrizable. 
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The if every Fp is complete, E is complete. 

Proof. Let {yu)i,fz^ be a Cauchy sequence in E then by defining 

yl := /p (2/.) e Fp (7) 
it is clear that {yf,)uen ^ Cauchy sequence in Fp for each p G N and hence 

3 xp := lim yP £ Fp. (8) 

Now, we will prove that Xp = fpq (xg) whenever p, g G N and p < q. Fix g G N with p < q arbitrary. Since 
— > Xq in Fq the continuity of shows that 

fp, ivl) fp, i^,) ■ (9) 
On the other hand, from dTJi and the condition (b) we get 

fp, ivi) = fp, if, (y.)) = fp {y.) ^yl ^ Xp (lO) 

V — >oo 

and then, jpq {xq) = Xp follows from (|9]l and ( fTOl i. Therefore, the hypothesis (c) implies that there exists x & E 
such that 

=a;p, VpeN. (11) 
Next, fix an arbitrary T-neighborhood of in F that we can choose of the form 

W:= f] fp-'{U,)^ 

l<k<n 

where [7^ is a 0-neighborhood in Fp^ (1 < A < n). From dUl it follows that for each k = 1,2, ... ,n there is 
Ik eN so that 

i^>h=^iyP,'' -XpJeUk (12) 

and therefore, by defining uq :— max Ik , we can conclude from O, (fTTT t and (fT2l t that 

1 < /c < n 

hence lim y^ = x. □ 

— ^00 

Theorem 1.12 If lo is a bounded open subset o/R™ then Q (tU) endowed with the topology l^^i, is complete. 

Before the proof of Theorem ll.l2l we use it together with Proposition ! 1 . 1 1 I to prove that Q (il) endowed with 
the topology To is complete (where ft is an arbitrary open subset of R™). The role of A, Fp, E, fpq and fp will 

be performed here by K, Q (QA , Q [Vl) , rij :— {I < j) and r; :— {I S N), respectively. Hypotheses 
(a) and (6) of Proposition ! 1 . 11 1 are obviously satisfied in view of Lemma fl.lOl and. by Proposition ! 1.91 we know 
that Tfi is the initial topology on Q (il) for the sequence (t'/);^!^ and Tn is metrizable by Theorem ! 1.7! So it 
remains to show that the hypothesis (c) of Proposition ! 1.11 ! holds. Indeed, fix any (.9;);eN ^ 11 ^ (^0 verifying 

the condition 

l,j e NandZ < j ^ g^li^^ = gi, 

we will show that there exists f <E Q (il) such that f\-^^ = gi for each I G N. Indeed, let /; :— gjjo, G £ai [^i], 
yi G N, then it is clear that 

l,j en and l<j^ fj\n, = gj\n, = = 
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Since C/ is a sheaf, there exists f E G {^) such that = V / G N and therefore 

/|o,+i = fi+i = gi+i\n,+i, 

hence 

/lo, = {gi+ilni+i) \n, = =5i,V/ e N, 

which shows that condition (c) of Proposition ! 1. 11 I holds in our case. 

We can then conclude that we have the following consequence of Proposition 11.111 and Theorem ll.121 

Corollary 1.13 Iffl is an open subset o/R™ then Q (f2) endowed with the topology Tq is complete. 

The remainder of this section is essentially devoted to the rather long proof of Theorem ll.121 and to some 
auxiliary results which will need in the last section. 

In order to prove Theorem ll.l2l we start from some easy remarks which will be useful later. 

Remark 1.14 (a) Let J be an ideal of a commutative ring A with identity and assume that Q C A Then 
for each a, b in A/ J and for every representative u of {a — b) there are representatives a and b of a and b 
respectively such that u = {a — b). 

(b) Let {xn)n>i Cauchy sequence in an abelian topological metrizable group G and {Wi)^-^2 ^ sequence 
of 0-neighborhoods in G such that W^+i C Wi for all i ^ 2. Then there is a subsequence (a^ni)i>i '^f 
i^n)n^i such that {xn,^.i - Xm) e Wi+ifor i ^ 1. 

In the result below, for e N™ we will use the following function V^jt defined by V^jj (x) :— {kI)~^x'^, VxG 
R™ and, of course, the restriction will be also denoted by t/j^. Note that d'^ip^ (x) = 1, V a; £ R™ and 

9ip^ e M [uj] for every 6 e Af (R) where (dijj^^ {ip, x) {ip) tp^ {x) , V {ip, x) £ Aq xlu. 

In what follows we will often use the notation introduced in Definition [T]2] and Lemma [TTI 

Lemma 1.15 Let lu be an open bounded subset o/R™, g (z S (w) and fix an arbitrary representative g of g. 
Then the statements below holds: 

(/) Assume that >c G N™ and that R is any representative of \\g\\^- Then there are a representative of g 
and 9^ (z JV (R) verifying the following conditions: 

(a) HS-^W ((^, •) || = i? ((^) , V <^ £ AqJ; 

(b) g^'^^ =g + e^i>^; 

(c) (?("))^ = ?>. + ^.; 

(d) Ifg<^) ■.= g+ (e^ - l^^l) then R = (ff*''^')^ + 

{II) For a given (cr, r) G x N* the conditions below are equivalent: 

W ll5L < 

(a) There exist 6^ Af (R) and a representative g**-^-* of g such that 

9V^"^(^,-)|| + |^>.(^)| <a;M, v^gAo (13) 

and, moreover, g*^^' is given [as function of 6^ and of the representative g fixed at the beginning ] by 
(/) {d). 

{Ill) For a given (cr, r) G N™ x N* the conditions below are equivalent: 
{i) g G Wa,r 
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(m) There exist a finite sequence (g*'-'^'') ^ of representatives of g and a finite sequence {d>c) in 
TV (K) such that 



d-g<^^ ■) + (^) < (<^) , V ^ e Ao, V ^ < a. 



(14) 



Note that ([T3]l means that (5*'^'*^) 
equivalent to 



(r>), 



< S* hence, from (/) (a), (c) and (d) it is clear that ( fT3T l is 



(15) 



The notation g*'^-* , g*-^' and 6*^ emphasize that these functions depend on g and x. Clearly ( fT4l ) is equivalent to 

(5^"') ^ (V') = ('^) + ((/^) < a; ((^) , V e Ao, V ^ < a. (16) 



Proof of Lemma 1.15. (/): Since g is a representative of g, from the definition of \\g\\^ (see Definition II. 21 
it follows that there is a unique 0^ <E N (M) such that 



R = 9>. 

Next, define g*-^' by the identity in (6) then for each (ip, x) G Aq xZU we have 
hence 



(17) 



(?'"^) ^ (^) = 9. (^) + , V ^ e Ao 



which proves statement (c) and, from ( [TtT i. also statement (a). Statement (d) is also trivial since the definition of 
shows that 



9 



hence 



and so 



4'>f ^9 + S^^J;^ 

d^g<-^ x) + 0^ (^) = d'^g x) + 6^ {^) , V x) G Aq xuj 



and therefore (d) follows from (fTTI i. 

(//): (i) ^ (m): Condition (i) means (see [||3J, Lemma 2.1 (iii)]) that there exists a representative u of 
[5 11^ — a* such that 



u{(p) < V <^ e Aq . 



(18) 



From Remark fl. 141 (a) there are representatives R\ and i?2 of H^H^ and a* respectively such that u = Ri — i?2- 
Since ^ is a representative of g it follows that g^ is a representative of 1 1 5 1 1 ^, hence 

-.^Ri-g^eAfiR) 
which shows that u — (g^ + n^) — R2 and therefore from ( fTsT i we get 

u{v) =g^{ip)+n^{^)-R2{(p) <0, V(pe Ao. (19) 
Since h -.^ a";. - R2 e M (K) it follows that 9^ -.= 71 + e M {R) hence 

R:^g. + 9^ (20) 
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is a representative of \\g\\^ and therefore, the proof of (/) implies that 'g^^^ ■.= g + O^tp^ (see (/) (&)) satisfies 

R= {9'^^^)^ = g>. + h. (21) 

Consequently 

= (d>< + h + nSj - (R2 + h 
= g>t + - R2 
and therefore, from ( fT9] l, we get 

<S;(^), V^e Ao. (22) 

Finally, from (/) {d) we have i? = (<?*^^^)^ + which together with the first identity of (|2TI) implies that 
( |22] | become 

(5*'"')^ M + m| < (^) e Ao, 



which proves (m). 

(n) ^ (z): Since (s*^"')^ ^ 
implies (i). 

{Ill) From the definition of Wa,r condition (i) is equivalent to 



is a representative of H^H^, by [|[3], Lemma 2.1 (iii)] the statement ( fTSI ) 



(0 ||gL<«*, V>^<a. 

From (//), for each fixed >c < a, the inequality 

\\9L<K 

is equivalent to the statement 

"3 G A/" (M) , and 3 a representative g**-^-* of g such that ( liiD holds" , 
hence («') is equivalent to (///) (m). □ 
In what follows we will use the following notation 

Lemma 1.16 Let (/iy)j^>]^ a Cauchy sequence in {Q iuj) , T^,^). T/ien f/iere exists a subsequence {fui)iyi 
of (/i/)y>x such that if fi,- is an arbitrary representative of f^. for each i > 1, then for each i > 1 there are a 

such 



finite sequence {^R*^^^^ 
that 



of representatives of fi^.^-^^ — fi,. and finite sequence 



Ui+i - Ivi = Rf '^^ + ( - i^yc, V i > 1, ^ >C < CTj+i; 



a-i?*^"^ ((^, •) + <a'+i((^), Vi >1, V, ><<(7,+i, V(^eAo; 

[L.+^-Iu) {^.■)\ <2.a*+i(<^), Vi > 1, V>^<a,+i, V G Aq . 



(23) 



(24) 



(25) 
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Proof. Since {Wa-i ,j:)j>i is a decreasing sequence of 0-neighborhoods in {Q (uj) , %j, b), from Re mark fl. 141 
(6) it follows that we can find a subsequence (/iyjj>]^ of (/iy)^>i such that 



(26) 



Fix an arbitrary representative /^^ of /^^ for each i > 1. We shall apply Lemma fl. 151 (///) and ( l26t to the 
representative 

-Ri ■ — fi^i+i fi^i 



(e,^) inA/'(M) 



and a finite sequence ( K, 



of 



of Ri. Then we can find a finite sequence 
representatives of Ri such that 

a^'i?*^"^ ((^,-)|| + <S*+iM, Vi>l, V(pe Ao,andVx<a,+i, 

which proves (l24l) . Moreover, by the proof of Lemma [1.151 (///) we know that R*'"'^^ is given by Lemma [1.151 
(/) (d), that is 



hence, from the definition of Ri we get 

which proves ( [23T i. Clearly from ([24l i it follows that 

^i>f(¥') > 0, Vi > 1, V>fr < (Ti+i, \/<y9 e Ao 
which implies at once that 

iv) - ^i>c (tp) < 2.S*_^i ((,5) , V i > 1, V < CTi+i, V e Ao 



(27) 



(28) 



[in fact, otherwise ( [28] l would be false implying at once a contradiction with dZTb .l Now, from ([28] l. ([23] l and ([24l) 
we can conclude that for all ((^, x) G Aq xcJ, i > 1 and >tf < ct^+i we have 



hence 



which from ( |28] | implies 

< ((/?) - ((/?) < 2.a*_^_i ((^) , V i > 1, V >f < cii+i and V G Aq 



X iv) < a'i^i if) 



□ 



The application of Lemma [1.16l in the proof of Theorem I 1 .121 shall show that in fact, the important statement 
of Lemma [1.16l is ( |25] |. and that the other statements ([23T l and ([24l i are only preparatory results. 

Proof of Theorem 1.12. Let (/j/)^>i be a Cauchy sequence in {Q (uJ) ,7zj,b)- We must shows that there 
exists f ^ G {i^) such that f^, — > /, in the topology 7zj,b- To this end, we shall consider the subsequence 

{fui)i>i of ifu)i,>i defined by ( [26] l (see the proof of Lemma ri.l6b and fix a sequence ( fi,. ) where f^. 

— — \ / i>l 

is an arbitrary representative of L for each i > 1. We shall use the sequence [ f^. ] to define an element 

V '/i>i 
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/ G Em [^] such that f^^ — > / ■= cl ( / I G 5 (cj) , and hence fi, — > /. So, from now on, we assume that 
the following are fixed: the subsequence (/i/i)j>i, a representative f^. of /j^^ for each i > 1, i?; := fi^i+i — fui 
and i?i := /i/.^j — /i/. . Since (i'i)j>i is strictly increasing it is clear that (Aj^. and (1^,-1 ) are strictly 

— — V ^ / i>l 

decreasing. For every i > 1 and a; G we define 

1 0, if (^,^M)^A.. xC-, 

hence, for all z > 1, x G cJ and (3 G N™ we have 



d>^R^{(p,x), if (if, i{(p)) e A^. xl^^ 



^ 0, if ((^)) ^ A^, xl^-i. 

Obviously, we have Ui ^ £m [^ij] for alH > 1. Define 

/ if, x) := ((p, a;) + ^ Wi {(fi, x) , V (<^, x) G Aq x w. 



(29) 



(30) 



Clearly, for every {(p, x) G Aq xcj, the series in the second member of ( l30b is finite [indeed, note that for every 
(/3 G Aq we have "or ip ^ A^-^ or 3! s G N* such that ip G A^^ nC A^^^j^"], hence / is well defined and 
furthermore. 



V/3 G N" and {tp, x) G Ao xtU we have that ^ u, {(p, x)\ ^^^^ ^) ' ^^^^ 



Next we shall prove that 

/ G 5a/ [t:^] ■ 

Initially, note that from ( l29l l we get 

Clearly, to prove (|32| | it suffices to show the moderateness of the function 

U = Ui : {ip, x) G Ao xZU I — > ^ ((^, G 



, V95 G Ao, V« > 1, V/3 G N"^ 



So, we must show the following statement 

For a fixed /3 G N™ , 3 G N such that y ip e Ajy, 3c = c{ip)>0 and 



(32) 



(33) 



(34) 



3 ri ^ ri{p) el verifying d^U [ipe-,-) 
Indeed, for a given (3 G N™, choose r G N* such that 

/3 < ^r+l (35) 
and consider the function Ur defined by Ur {p, x) := ^ Ui {p, x) , V {<p, x) G Ao xZZ;. By the same finiteness 
argument used proving dSTT l we have 

d^Ur {p, x) = Y^ d^Ui {p, x) , V {p, x) G Ao xw (36) 
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In view of JZSl l (see Lemma [l.l6l ) applied to Ri with x = /S < a^+i , V i > r, see ( |35] |) we can write 



From (l36b we have 



<2S*+i (^), Vi>r, Vy^e Ao 



(37) 



a;) e Ao xu! 

which together with ( |33] ) and ( |37] ) implies 

< 2^a'Vi('/')' V(^e Ao 



(38) 



Now, define f] = rj (if) :— [2i {(p)] ^ , V G Aq then, since e < 77 (ip) if and only if 1 — i (ip) e > i, we get 
Thus, from (l38T l it follows that 



r+1 ^-0 



<c{f)e-°, V^e Ao, Vee/^(^) where c((p) :=4(i(^)f+\ V^e Ao 

which obviously implies ( |34] | since the finite sum (/^^ + ^ u^) is moderated. Hence U = Ui is moderated 
and (I32I 1 is proved. Finally, we will show that /i^. — > / in the topology 7^,b. Fix an arbitrary 0-neighborhood 

i — >oo 

W\^p (A G N™, p G N*) in 5 (w), we must show that there exists 9 eN verifying 

t>e^{f~U^^JeWx,p. (39) 
In view of dSOl l and (ISTT i we have 



(40) 



i>i 



For an arbitrary t E N*, if p E A^^ verifies i (93) £ I^-i [and therefore ((^, i (p)) E A^. xl^-i , V i 1, 2, i] 
it is clear that 

t 

d-l, {p, x) + Y, 5""^ if, x) = d-l,^, {p, x) , (x e c^, >^ G N") , 
1=1 

which shows that, for (p, i (p)) E A^^ we can write ( l40t as 

i>t+l 

hence 

9" ^ V e A,, xl^-i, VxGEJ, V^<gN™ 

'i>t+i 

and consequently 

i>t+l 
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which by (|33] | implies 



i>t+l 



Now, we choose 9 eW (see ( [39] l) such that 

> p and A < fTg+i (< o-j+i , V t > 



,y M) e A,, xl^-i , i > 1, e N". (41) 



(42) 



Clearly (|40] | and ( 1411 1 hold for any >«: G N"' but now, in order to prove (|39] l, it suffices to consider x < X. Next, 
we apply dZST l (see Lemma fl. 16b for an arbitrary fixed x < X, hence (by (02])) we have x < X < ae+i < 
(Jt+i, V t > 0, which shows that the term 0-^+1 in ( 1251 ) should be replaced by at+i for all t > 9. Therefore we 
can write 

d^^Rt ■) < 2S*+i (if) , t > 9, ^ if e ka, M X < X. 

[Note that in ( l25T l all the parameters vary freely: "i > 1, >f < 0-^+1, ip G Aq" but in the above application of 
( |25] |. X is fixed by the condition x < X < cre+i (see ( l42b ) which implies x < at+i, ^ t > 9, hence the above 
inequality is true for all t > 9.] and therefore (writing instead of f): 

d""Rt ife, •) < 2 {(fi) e]*+^ , V t > V e Ao, V < A. 

Hence, we can find an upper bound for the second member of (HTt in the following way: for (p E Aq, e G 

^■niv) (,V if) was already defined by ij (f) := [2i (<^)]^^ , V G Aq) and t > 9,we get 

J2 \\d''RAfs,-)\\ < \\^''R^i^^r) 

i>e+i 

< 2 J2 



i>t+l 



i>e+i 

2[»(y)g] 
l~i{f)e 



e+2 



< 4[i((p)e: 



e+2 



and therefore we can write 

J2 \\^''R^{Ve,■) <4[^Me]'+^ Vy^G Ao, VeGl^(^), Vi >0, V><< A. (43) 



i>t+l 



Now, define 774 (tp) :— min ( 77 (f) , (c/?) ^'t] ^ ) , V (/s G Aq, and t > 1. Then, by (|4TI ) and (|43] | we obtain: 



(/-/.e+i) (Ve,-)|| < 4 [iM Vi>0, V(^gA,,, V£Gl^,(^)and>^< a. (44) 

Next, note that since 9 > p (see ( |42] |) and e G ^which implies i{f)s < it follows at once that 

4 ef^^ < [i [if] ef, which by (gl implies 

(<Pe,-)|| < [iHef , Vt >e, V(^G A,,,VeGl^,(^)and>^< A. (45) 

Since the above inequality means that S* — ^/ — /jyt+i^ (Ve) > 0, the statement (l45T l shows that for every 
t > 9 we have proved that 

3 j^t G N .sMc/i f/iflf V 6 > and V if e An = A,y^ 3t] := rjt (f ) G I 

verifying 



f - Lt+i (fe) > > -£^ yeelr^andxKX 



and therefore (see [13J, Lemma 2. 1 (ii)]), (139b is proved 



□ 
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Proposition 1.17 The set 

Gc m := {/ e e (r!) I supp (/) ccn} 

is a dense ideal of (Q (fi) , Tfj). 

Proof. Let (x;);>i a regularizing family associated to the fixed exhaustive sequence {ili)^^-^ for fl, that 
is, xi & ^nd x;|o, = 1 for each I > 1. Then it will suffice to show that for an arbitrary f & G {^) we 

have 

Xif — ' /, 

in the topology 7q. To this end fix an arbitrary 0-neig hborhood W^^ in G {ft) {J3 G N™ and i/, r e N*) and fix 

any representative / of /. Let G F^* be such that Sli, C fi/g C fi; for all I > Iq, then (xif) lo, = /o, , V ^ > Zo 
hence (by setting xi {f^ ■) '■= Xu V / > Zq, and V (p £ Aq) we have 

9" (xif-f) =0, yi>lo, VaGN™andV^e Ao 

which imphes 



EE 0, VZ > Zo, V cr </? and V e Ao 



and therefore {xif - /) e T4^^,,, V Z > /q- □ 

Lemma 1.18 (a) The set Vr[xo] (see [Q, Definition 2.7]) /i bounded in (K, T) /or eac/i xo G K and each 
r G K. 

(6) Forgiven ^ G K awe/ = [0] , (s > 0) f/iere w iV G N .smc/i that fiVg C F-at. 

(c) The set {V-n\N G N} is a fundamental system of bounded sets in (K, T). 

(d) If X C G (w) satisfies the condition: 

(B) V G N", 3 G N rac/! f/!flf < a^^, V u G A, V ct < ^. 
Then X is a bounded subset of {G (w) , 7^,f, ). 

Proof. In the proof of this result we will need the following characterization of the relation x > where 
X G M and x is any representative of x ( which is obviously equivalent to the conditions in [[3J, Lemma 2.1]) 



3 A^ G N such that V feo > 0, V 6 > 6o and V ip e An 
3 rj — rj {b, (p) G I verifying x {(p^) > —e^ V £ G I,,. 



(a) case 1: xq = and r > 0. Fix an arbitrary Vs with s > 0; it suffices to show that there exists i > such 
that 

VtVr C Vs. (47) 

Indeed, it suffices to take t > max (s — r, 0) by applying [|[3], Lemma 2.1 (i)] and then the proof of ( l47b follows 
at once. 

case 2: xo = and r < 0. Fix an arbitrary Vs with s > 0; choose t > max (s — r, 0); then the proof of (l47b 
follows from ( l46l l with 6o := ^ t" > if r < (the case r = is trivial). 

case 3: xo G M and r G K. Fix an arbitrary Vs with s > 0; then it suffices to show that there is a T- 
neighborhood of such that 

W ■ Vr [xo] C Vs (48) 

It is easy to see that ( |48] | follows from the continuity of the addition and multiplication in (K, T) and from the 
fact that Vr is bounded for each r G M (cases 1 and 2). 



16 



Sh. Jorge Aragona, Sh. Antonio Ronaldo Gomes Garcia, and Sli. Stanley Orlando Juriaans: Colombeau's algebra 



(&) If /i is any representative of ji then there is £ N such that V G A^v 3 c > and 77 G I verifying 

<c£"^, Veel^. 

Now, if X is any representative of an arbitrary x G Vs it suffices to apply [|3|, Lemma 2.1 (i)] to x and to /ix for 
to get \nx\ < a'_j^. 

(c) Let i? be a bounded set in {Q (uJ) , 7^,b) then, for a given Vs with s > 0, there is Vt with t > such that 

VtB C K. 



Since S Inv (K) there is A^^ £ Vf fl Inv (K) and then, from the above inclusion, it follows that X^^B C Vs 
and therefore B C XVs and the conclusion follows from (6). 

(d) Fix an arbitrary Wp^t [P G N™, i G then we must show that there exists r > such that 



VrX C Wp^t 

From the assumption {B), for the above fixed (3 G N"*, 3 iV G N such that 

IkL <«-w, VmgX, Va</?. 

We set r := + i. Fix A G F,-, u G X and representatives A and m of A and u respectively. From 
means that 

3 iVi G N such that V 60 > 0, V 6' > 60 and y tp e An^ 3 771 (26', cp) G I 



(49) 



verifying 



, A G K 



(50) 



On the other hand, from the condition (B), the relation u E X means that 

3 iV' G N such thatyy^ >Oyb" >b'^and\fifeAj^> 3 77 = 77 (26", ip) G I 
verifying Wd^u {ip^, < i {p>r^ e'^ + s^''" V e £ I,,, V cr < /3. 



(51) 



Next we are going to prove ( |49] l, that is. Am G Wp^t. We define A^o '■= max(iV', A^i). Fix 6 > 60 := 
max (r, i) , G Aq and set 

77* = 77* (6, ip) := mill (77 (26, p) , t]i (26, ip)) G I. 

We apply (|50| with 60 i (iV + 6) and (|5B with 60 := ^ (6 - r). From the definition of 6 it is clear that 6 > 6q 
and 6 > 6g hence r|^, is well defined. Now it is trivial to see that there exists 7/ G I, i] < rj^, verifying 



9" ( \u) ip„ •) < i (pf £* + £^ V £ G I,„ V a < A 



that is, Xu G W/3,t. 



□ 



2 Two auxiliary results 

Fix a bounded open subset of M™, T G K;; and set Q :^ n x ]0, T[ C R"+^ For given f G G (Q) and 
^0 G [0, T] we must give a sense to the "restriction" 



R:=f 



nx{to} 



showing that R can be identified naturally to an element of Q (fi). 

Note that R does not a priori make sense since int (il x {to}) = and hence x {to} is not a quasi regular 
set (see [[1 1, Definition LI]). 

Fix a representative / G f m [Q] of /; then the restriction 
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/I 



Ao(m+l)xnx{to} 



is well defined since Ao (to + 1) x x {to} C Aq (to + 1) x Q. Therefore, we can define (see the definition of 
in [12J, Proposition 1.7 (e)]) the function 

/* : i^, x) e Ao (to) X f7 ^ / (C+i (V-) , X, to) e K. 

With the above notation we have 
Lemma 2.1 (a) e £m [H]; 

(6) T/'g another representative of f and g^^ is the function defined similarly as /(* by changing f by 'g, then 
/j* — gig G A/" \p\- Therefore, if ftg cl (/t* ) G 5 (f^), f/?en we have a K-linear map 

r| : / e e (g) ^ fto = cl (/* ) e 5 (H) . 



(c) r/ie OTfl/j K {Tq — T-^ f^)— continuous. 

Proof, (a) Fix K CC H and x e N™ then >t' (>f, 0) G N" x N and if x {<o} CC Q. For the fixed 
representatives / and /(* of / and ft^ respectively, 

d'^'fif, X, to) = d^Jl (C+i (^) , x) , V X e 17, V ^ e Ao (to + 1) , (52) 

which implies that the moderation of follows at once from the moderation of /. 
(6) Follows immediately from ( |52| |. 

(c) Fix any % -neighborhood W^^r (t G N™, r > 0) of in 5 (n). We set 

a' := (a, 0) G N™ x N and s > ^"^ ^ 

TO 

and we shall show that 

/ G W:,^^ ^ ft, G W^^r (53) 

where W*, ^ denote the subset W^' ,s of 5 {Q) . Since in this proof we shall work with two different dimensions 
we shall need the elements a* G IK (to) represented, as usual, by 

: V G Ao (to) ^ i (ipy g m; 

and also the elements /3' G K (to + 1) represented by 

; G Ao (to + 1) i {^y G m;. 

The relation f G Wl, , means that 

ll/L' V>^'<a'. (54) 

Note that 

< cr' = (cr, Q)^ ^ {ki, ...}<^,0) = {k, 0) 

where x :— {xi, . . . , Xm) hence < a' <;=^ x < a, therefore we can write ( |54| | in the following way 

ll/L' </?:. V>^<a. (55) 
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From the definition of /j* we get 

ll^"/t*o(V'>-)||o =^ _, V^eAo(m+l), ^:=C+i(^), V < a'. (56) 

Q 

Now, it is easily seen that the function (see [(2], Lemma 3.1.1]): 
is a representative of ||/to ||^/ and since the function 

^eAo (m)K^ (^,-)||^eM+ 

is a representative of \\ft„ \\^, it is clear from ( l56b and [[31, Lemma 2.1(iii)] that 

||/toL< ll/L', VV<a'(^x<a). (57) 

Next, note that (3' G £m (K, m+1) hence := /?*oI™+i e £m (K, m) is a representative of (3' in £a/ (K, m) 
[since is a representative of B'!^'^^ {f3') G IK (m), where B"l'^^ : K(?7i + 1) K(m) is the natural 
isomorphism induced by the map 

Bl';+^ : w e Em iK,m+l)^wo l^^;^^^ e £m (K, m) , 

see [Q, Lemma 3.1.1]]. Hence, in order to prove that /3* < a' we can work with the representatives a* and 

by applying [[3, Lemma2.1(ii)]. Indeed, take iV := 0, fix & > and ^/^ G Aq (m) arbitrary. Since our hypothesis 
on s implies 

sm 

A r > 

m+1 

it is obvious that there exists rj = rj (tp) G I such that 

L{^p,e) W-z(C+i W)'^' >0, VeGl,. 

Since {a' - *I3') {ipe) = e^'L (i/', e) , V e > 0, it follows that 

- */3') (V'e) > > -£^ V e G 

hence /3* < a*. This inequality together (l54b and (l57l) shows that ||/t(,||^ < a', V >r < cr, that is, /t^ G W^o-.r 
and (|53] | is proved. □ 

The remainder of this section is devoted to the definition of a suitable topology on the algebra Q {dfl x [0, T]). 
First, we present a definition of Q {dfl x X), where X is a quasi-regular set in K" and is an open subset of MJ" 
(this is necessary since in [fT\, Definition 3.7], two conditions obviously needed in the definition were omitted). 
The set £m [dfl x X] is defined as the set of all functions (where Aq = Aq (m + n)) 

u : Ao xdn X X 

verifying the conditions below: 

(Mi) i^edn^u {ip, ^, t) G K) G C {dn, K) , V (p e Aq, V t e X 
(Mil) {t e X ^ u{ip,^,t) eM.) e {X;K) , y ifi e Aq, y C ^ dn 



(Mm) 



y K eW, y K CC X and H CCdnB N eN such that 
y (fi E Apf 3 c = c (if) > and ij = rj (ip) G I 
verifying \d^u{{ps,^,t)\ < ce~^, ytGK, ^ G H ande G I,,. 
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Clearly, the set £m x X] with the pointwise operations is a K-algebra and the set N [dVl x X] of all 
u G Sm [d^ X X] verifying the condition: 



(N) 

is an ideal of [dVt x X] . This allows to set 



V>feN", \l K X and\i H 80.3 N (^n and-i (^T 
such that \f q > N and \/ if £ Aq 3 c — c (ip) > and rj — rj (ip) G I 
verifying \d^u{Lpe,^,t)\ < ce''(«)^^, Wte K,£_ e H and e £ 



•= Midnxx]- 

In the sequel we restrict attention to the present case: is a bounded open subset of R™ and X := [0, T] C R+ 
(T > 0). Therefore, since d^l and X are compact sets, the conditions (Mm) and (N) can be simplified for it is 
enough to work with K — X and H = dil. In what follows, for the sake of simplicity, we set 

Q ■.= nx ]0, T[ and Q* := dfl x [0, T] . 

and we will define a topology on G{Q*)- For a given u £ Q (Q*) let u be any representative of u then, for every 
e N the function 

u^,y.^eAo^\\d'^ui^,^,t)\\Q,:= sup \d:^uiip,^,t)\ eM+ 

(C,t)6Q* 

is moderate. If u* G Em \Q*] and u*^^ is defined as U(^^) with u replaced by u*, it follows at once (see [O, 
Lemma 3.1]) that 

{u -u*)gM [Q*] ^ - «^,)) e M (K) 

which shows that cl («(,/)) G IR+ is independent of the chosen representative chosen of u. Therefore, for each 
e N, we have a function 

P(y) --u eg {Q*) cl e M+ 

where u is any representative of u. Clearly p(^^^ is a G-seminorm (see [|l3l. Definition A.l]), that is, for all 

u,v eQ (Q*) and A £ K we have 

P(^) (u + v) < (u) + p(^) (d) and (Au) = | A| (u) . 

It follows that the set Bq. of the sets (i^ e N, s £ M): 

N^^s -.^{ueg (Q*) < al yi<iy} 

is a fundamental system of 0-neighborhoods for a topology Tg. on (Q*) which is compatible with the K- 
algebra structure of g (Q*) (the proof of this statement, which consists in showing that Bq' satisfies the seven 
condition of [|3l. Proposition 1.2 (2-)], is easy but rather tedious and we do not give it here). 
Now, fixweQ (Q) and any representative w G £m [Q] of w. Then the restriction 

is well defined and u G £m [Q*]- Moreover, if w* G £m \Q\ and u* := w* | Ao x Q* , it is clear that 

{w -w*)€M{Q]^{u- u*) G M [Q*] 
which shows that we get a natural homomorphism of K-algebras 

P ^ PQ ■■ w e g (Q) ^ c\{w\ao xqO e GiQ*) , 

where w is any representative of w. In the result below we assume that g (Q*) (resp. g {Q)) is endowed with 
the topology Tq* (resp. Tq j^, see Theorem ll.7b . 
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Lemma 2.2 The above map p ~ pq is continuous. 

Proof. Since the topology T-q ^ (resp. Tq.) is defined by the set (see Theorem ll.7t 

Bq ^^ := {Wa,rW = G N" X N and r e N*} 

(resp Bq* := {Ni^,sW ^ ^ ^^'^ ^ ^ N*}) it suffices to show that for an arbitrary given N^,s G Bq* there is 
Wo-,r ^^Qb s^'^h that 

w e W„,r ^ p{w) e N^,s (58) 
Fix Ni,^s arbitrary in Bq* then by defining a :— (0, i^) G N™ x N and r := s it is easy to check that 

□ 

3 An initial boundary value problem 

In this section we shall use the following notation: 

1. M.[x] denotes the ring of the polynomials in one variable with real coefficients; 

2. r2 is a non-void bounded open subset of G and hence Q := Qx]0,T[ is a bounded open subset 

3. For the definition ofC°° (Q) see [fT\, section! ]; 

4. Ifu G (Q) (resp. uo e V {fl)) we set \\u\\^,(q^ := ^ \\d^u\\Q(resp. \\uo\\c2.+im) ■= E ll^'^ol 

^ ' \a\<k ^ ' |T|<2fc+l 

5. IBVP is an abbreviation for "initial boundary value problem " 

Next, for the benefit of the reader, we shall begin by presenting four results of [|[9l] which we will need for to 
solve our problem. 

Lemma 3.1 ([f9l. Lemma 1]) For any fc G N there exists Pk G M\x\ such that, ifuQ G T> (fi) then the solution 

ueC°° (Q) of 

ut — Am + — in Q 

"|ox{o} = Uo (59) 
u\anx]o,T[ = 



satisfies \\ u H^.^q) < Pk (^l|wo|lc2fe+i(n)^ 

Theorem 3.2 ([||9l. Theorem 1]) For any given uq G Gc ^) there exists a solution u £ Q (Q) of 
Ut- Au + u^ = in Q (Q) 

^\tix{o} =uomg (n) (60) 
u\onx[o.T]=Oing{dnx[0,T]). 

Lemma 3.3 ([f9\. Lemma 2]) Let v G C°° (Q) be a solution of 

vt - Av + aov^ f in Q {with f e (Q)) 

V (x, 0) = g (a;) on Vt [with g eV (Q)) (61) 

V (x, t)^h {x, t) in dn X [0, T] {with /i G C°° {dn x [0, T])) 

where T G K!^ and ao {x,t) > in Q. Then for every fc G N there exists Pk G M [x] with coefficients independent 
ofao, /, g and h, such that 

||w|Ic'=(q) < (|I/IIc2'' + i(q) + Il.9llc2'=(n) + ll^llc2'= + i(af2x[0,T])) Pk (||ao|lc2(= + i(Q) 
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Theorem 3.4 ([[l9l. Theorem 2]) The solution ofl[60i IS unique. 

Now we are going to extend Theorems 13.21 and 13 .41 using Theorem 1 1.1 21 Proposition 1 1.1 71 Lemma [1.181 and 
the results of section|2] The main result of this paper is the following: 

Theorem 3.5 Consider the IBVP i60[ where uq (z Q (fi). Then, there is a unique u E Q (Q) such that u is 
solution of^^Q (with initial data uq). 

Proof. Since uq E Q [Vl). from Proposition 1 1 . 1 7l it follows that there exists a sequence (mop)j3>i in Qc {^) 
such that 



"Op — > Wo, in {Q (il) ,Tf- 



p — yoo 



n 



Therefore, from Theorem 13.21 for each p > 1 there exists Up E Q (Q) such that Up is a solution of ( l60b with 
the corresponding initial data uop- Moreover, from the proof of Theorem 13.21 it follows that uop has a repre- 
sentative uop such that UQp —) E T> (fl) , V ■0 G Aq (to) , p > 1 and Up has a representative Up verifying 
Up {if, — ) e C°° (Q) , V £ Aq (to + 1) , p > 1 such that Up {(p, — ) is a classical solution of i5% with initial 
data uop (l^^^ if) ; ~) [indeed, from Lemma 2.1, the second equality of (l59] i: 

(*) "plnx{o} ^ "Op 

is intended as follows: a representative of Wp|f2x{o} (resp. uop) is 

Ri : {ip, x) e Ao (to) X n 1-^ Up (C+i (-0) , O) e R (resp. uqp) 
hence, at the level of representatives, (*) can be written as 

^P (C+i W > 0) = ^op (V', a;) , V V e Ao (m) , a; e 

or equivalently: 

(**) Up {ip, X, 0) = uop (C+^ ((p) , x) , V 95 e Ao (to + 1) , V X e 

Therefore, from Lemma lTTl it follows that for each fc e N there is Pk G M [x] such that the inequality of Lemma 
Oholds for all p > 1: 

\\up{f,-)\\c>^(Q) <Pfc(||wop(C+' (</'), -)||c2.+i(n), V^G Ao(to+1). (62) 

Now, we have a sequence {up)^^-^ in Q (Q) of solutions of ( I6OI 1 corresponding to the initial data (wop)p>j^. We 
are going to prove that the sequence {up)^^^ converges to a u E G (Q) which is the solution of our problem. 
Since Q is a bounded open subset of R'"+^, from Theorem ll.l2l it follows that (^Q (Q) , 7q ^ j is complete and 
hence it suffices to show that {up)^^-^ is a Cauchy sequence. In the sequel we need the following notation: 

Upq := Up - Uq and Upq :=: Up ~ Uq, {p, q eM) . 
The definition of Up implies that Upq IS 3, solution of the following IBVP: 

(Upq)j - AUpq + QpqUpq = 111 C/ (Q) 

"P9lax{0} = "Op - "og in Q {^) 
Upq\dn-K[a,T] =Qmg{dnx [0,T]) 

where apq := Up + + UpUq. The definitions of Up and uop shows that Up {if, — ) is a classical solution to the 
IBVP (for each e Ao (to + 1)): 

{Upq {f, - AUpq {ip, ~) + Upq {f, -) Upq {f, -) = 0, in C°° {Q) 

"P9 -) lax {0} = ("Op - uoq) (^) , -) , in P (17) (63) 

Upq (<P,-)|9nx[o,T] =0, inC°° {dnx[Q,T]) 
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where flpg := Up+u'^+UpUq = (up + + > 0. Next, by applying Lemma l3.3l to the solution {(p, — ) 

of (|63] |. with f — h ^ and g {x) := {uop — uoq) (l™'*'^ {f) ,x), we can conclude that for each fc G N there is 
Pfe € K [a:] (with coefficients independent of a^g and UQp — uoq) such that (for each G Ao (m + 1)): 

\\upq{^,-)\\ck(^Q) < ||(wop~uog) (C"*"M</'),-)||c2t-(n) -^fc (l|ap9('^'-)llc2'o+i(Q)) ■ (64) 
Now, the next steps of this proof are as follows: first, we shall proye that 

("p)p>i a bounded sequence in 
and, then, by applying ( l64l l and i65[ . we shall proye that 

("p)p>i Cauchy sequence in (Q) T-q , (66) 
from which our existence result follows. Indeed, from (|66] | and Theorem ll.l2l we get 

3 u := lim Up G (Q) . 

p — *oo 

Since from the definitions of Up and uop we haye 

(up)j - Aup + = Ojn (Q) 

"pbx{o} ="0pina(r2) (67) 
"plaj7x[o.T] =0ing(9r!x [0,r]) 

and since the differential operator 

p -.u&giQ)^ {ut- /^u + u^) eg (Q) 

is continuous [this follows from [||3|, Corollary 4.2] and from the continuity of the multiplication in {Q (fl) , To)] 
by taking limits in the first equality of (|67] |. we obtain 

= lim F (up) = P (u) in g (Q) . 

p — >oc 

Moreoyer, by taking limits for p ^ cx) in the two others equalities of {6l\ . from Lemma lZTI we get 

wIt2x{o} =="o mg{n) 

and, from Lemma l272l we haye 

"laox[o,T] = 

hence, m is a solution of ( l60l l with initial condition uo e g (O) . It remains to proye (65[ and ( |66] |. 

Proof of (l65t : In yiew of Lemma [l.l 81 (d) it suffices to proye the following statement: 

V /5 G N"+^ 3N eN such that \\up\\^ < al^ V ct < /3, p > L (68) 

Fix any (3 G N'"+^ and choose fc G N such that k > |/3|, then /c > \a\ for each a < (3 and therefore, from ( l62b 
we haye 

(Up), {^) < Pk (]\uop (C+' (^) , -)||c-+i(n)) , V ^ G Ao (m + 1) . (69) 
Next, it is easy to check that the class in M of the moderated function defined by the second member of ( |69] l is 

\|t|<2*:+1 



mn header will be provided by the publisher 



23 



in other words for each p > 1: 

\|r|<2*:+l 

Indeed, this follows from definitions and from the following trivial remark: "If v G £m (R) and P G M [x] then 
Pov eSnO^) and cl (P ov) = P (cl (v))". Hence, from ^ and [Q, Lemma 2. 1 (iii)] we get 

\K\l<Pkl J2 ll^opllJ , Va</3, Vp> 1. (70) 

\|r|<2fc+l / 

Assume now that Pk (x) ~ J2 ^i^'' (^) ■— l^i I x^- Then clearly we have 

i=0 i=0 

^,yGKand |x| < |P, (x)| < P,* < P,! (jyl) . (71) 

Now, we set 



*p •= E ll"opll^ , V, p > 1, 



T|<2fc + 1 

since UQp — > uq it is clear that 

p — >oo 

tp — > t:^ V lluoll^ 

p^oo ^ — ^ 

\T\<2k+l 

hence the set T := {tp\p > 1} is bounded in (M, T) which implies ^see Lemma fl-lSI (c)j that there exists 
L e N such that T cV-l, that is, 

tp = \tp\ <ali, Vp> 1. 

Therefore from dTTT l: 

\Pk{tp)\<Pn\tp\)<P^{a'_L),yp>l. 
From Lemma fTTSl fc) there is e N such that P^ ("11) ^ 

a*^jY hence we can conclude that 

\Pk{tp)\ <a_j^, Vp> 1 

therefore, from (iTOl i we obtain 
which proves ( l68T l and hence ( l65T l. 



Proof of (|66): Fix any Wp^s with /3 e and s e M (see Definition [L2]| and choose A; e N such that 

k > |/?|- From the definition of II •||^2fc+i('Q^ and the previous remark on composition of a moderate function with 
a polynomial, we get 

cl(^^Pfe(||Sp,(^,-)||c..+,(Q))) =pj II«P9L ,V(p,g)eN2. (72) 

\|CT|<2fc+l / 

By applying (|68]l in the case (3* ~ (2fc + 1, . . . , 2fc + 1) e since |o-| < 2fc + 1 =^ cr, < /3* = 

2fc + l, Vi = l,2,...,m and hence ct < /?* , we can conclude that there exists N E N verifying 

\\up\\^<a'_^, V |a| < 2fe + l, p> 1. 
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Therefore, from Lemma n~4l by setting C := c • max(^) , where c :— Card {x\k < cr} , we have 



\\upUq\\ <C-a'_2N, V \a\ <2k + l, (p, g) G 



hence 



llflpglU <3C-«*_2^, V \a\<2k + l,{p,q)eE\ 
Then, if iV' = Card{a\ \a\ < 2fc + 1} we get 

\(j\<2k+l 

Let M G N such that M > 2N then 3Af'Ca*_2W — '^'-m- Hence the above inequality implies 



\a\<2k+l 



and hence, from dTTT l it follows that 



\a\<2k+l 



< 



On the other hand for each (p, q) G we have 

E ||uop-"Og||, =clLeAo(m + l)^ E ||9"(mop-uo9)(C+'M,- 

T|<2fe \ |r|<2fc 

and from the definition of 1 1 • 1 1 ^ ^ g -j we obtain 



CT|<fe 



Now, from (|74] |. ( fTsT l, ( |72] | and [f3l. Lemma 2.1 (iii)] we can conclude that ( |64T ) holds for classes: 

\\T\<2k I \\a\<2k+l j 



\<k 



hence 



\\Up - UqW^ < I E ll"Op 
Ar\<2k 



|(T'|<2fe + l 



Obviously there exists L G N such that 

n*KM) = |n*KM)|<«*-L 

and since cr < /? =^ |(t| < < k, we have 



(73) 



(74) 



(75) 



|Mp-MgL<( E II^Op -Mo9 11^ ) -ali, Vcr </3, G 

, |T|<2fc 



(76) 
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Since {uop)^^^ is a Cauchy sequence there is G N such that 

P,q>f^ X! W^Op-uogW^ < f3', (77) 

\T\<2k 

where (3' is represented by /3' : -0 G Aq {m) >^ i {tl:)^ e R and b to be chosen conveniently. Clearly /3* can be 
represented by 

*(3l : ^ e Ao (m + 1) ^ z (C+i e R+, 

we will use this representative for to prove that 

Tfl 

b> -{L + s)^a' rf3' <a' (78) 

Indeed, this follows at once from [[3J, Lemma 2.1 (i), (*)] since for all (/? G Aq (m + 1) we have 

{a: - a'_^ (cp,) ^ (Ci - ^26^"-^-^) > 
for e small enough (Ci, C2 are two positive constants). As a consequence, from ( |76] |. dTTl l and dTST l we get 

P,q>'^^ \\up ~ UqW^ < a'_LPt < a*; ycr<P 

or equivalently 

p,q > ly ^ {up - Uq) e VF/3,s- 

Finally, the uniqueness of the solution is obvious since this is precisely [lO, Theorem 2]. Indeed, in the proof of 
this result, the initial data mq disappears and so, the compactness or not of supp (mq) is irrelevant. Therefore, this 
result holds in our case. □ 
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